Formation of a macroscopically extended polariton condensate without an
  exciton reservoir by Ballarini, Dario et al.
Formation of a macroscopically extended polariton condensate without an exciton
reservoir
Dario Ballarini,1 Davide Caputo,1, 2 Carlos Sánchez Muñoz,3 Milena De Giorgi,1
Lorenzo Dominici,1 Marzena H. Szymańska,4 Kenneth West,5 Loren N. Pfeiffer,5
Giuseppe Gigli,1, 2 Fabrice P. Laussy,3, 6 and Daniele Sanvitto1
1CNR NANOTEC—Institute of Nanotechnology, Via Monteroni, 73100 Lecce, Italy
2University of Salento, Via Arnesano, 73100 Lecce, Italy
3Departamento de Física Teórica de la Materia Condensada,
Universidad Autónoma de Madrid, 28049 Madrid, Spain
4Department of Physics and Astronomy, University College London,
Gower Street, London WC1E 6BT, United Kingdom
5PRISM, Princeton Institute for the Science and Technology of Materials, Princeton Unviversity, Princeton, NJ 08540
6Russian Quantum Center, Novaya 100, 143025 Skolkovo, Moscow Region, Russia
We report a record-size polariton condensate of a fraction of a millimeter. This macroscopically
occupied state of macrosopic size is not constrained to the excitation spot and is free from the
usual complications brought by high-energy reservoir excitons, which strongly alter the physics of
polaritons, including their mobility, energy distribution and particle interactions. The density of this
trap-free condensate is lower than 1polariton/µm2, reducing the phase noise induced by the inter-
action energy. Experimental findings are backed up by numerical simulations using a hydrodynamic
model which takes into account both the polariton expansion and the phonon-assisted relaxation
towards the lowest energy state. These results propel polariton condensates at the fundamental
level set by their cold-atomic counterparts by getting rid of several solid-state difficulties, while still
retaining their unique driven/dissipative features.
PACS numbers: 71.36.+c, 63.20.Ls, 67.25.dg, 42.50.Ct
Under suitable conditions, light-matter interaction can
be strong enough to drive the coherent exchange of en-
ergy between photonic and electronic modes [1]. This
is the paradigm of microcavity exciton-polaritons: quasi-
particles created by the strong coupling between the pho-
tonic mode of a microcavity and the excitonic transition
of semiconductor quantum wells [2]. Polaritons mani-
fest their composite nature with a combination of pho-
tonic and excitonic properties [3]. Thanks to their pho-
tonic component, polaritons can ballistically propagate
in the plane of the microcavity with velocities up to
a few percent of the speed of light [4]. On the other
hand, the exciton component results in strong optical
nonlinearities and induces an energy renormalization of
the polariton dispersion at high densities [5]. This en-
ergy shift can be much larger than the linewidth and is
at the foundation of most polaritonic effects and appli-
cations [6–8]. As bosonic quasiparticles, polaritons ex-
periment final-state stimulated scattering, which results,
above a density threshold, in a laser-like emission with-
out population inversion, a collective phenomenon that
is explained in the framework of Bose-Einstein condensa-
tion [9–11]. A unique feature of polariton condensates is
their driven/dissipative nature, in which the steady state
is reached through a dynamical balance of pumping and
dissipation.
Polariton condensate have been experimentally ob-
served in different materials, both inorganic [12–15] and
organic semiconductors [16, 17], and thanks to their light
mass, condensation is achieved also at room temperature
[18]. However, differently from their atomic counterpart,
these condensates suffer from dephasing and density fluc-
tuations induced by the interactions with the exciton
reservoir, effectively resulting in multimode condensates
[19–21]. The exciton reservoir also acts as a trapping
mechanism, if the polariton lifetime is too short, confin-
ing the condensation process within the region of the ex-
citation spot [22–25]. Moreover, polariton condensation
is often localized in potential minima caused by imperfec-
tions of the sample structure, yielding to a fragmentation
of the phase coherence [26–30]. All these aspects of po-
lariton condensates are not welcomed as they blur the
fundamental character of the phenomenon by disrupting
it with technical impediments. These become obstacles
for prospective applications with polaritons, such as in-
vestigating out-of-equilibrium phase transitions or to im-
plement simulation and related devices [31]. On the other
hand, confinement of polaritons in one dimensional struc-
tures provides a striking evidence of the mechanism of
expulsion and acceleration of polariton condensates far
from the exciton reservoir [32–35]. In two-dimensional
(2D) structures, interferences from scattering potentials,
effects of laser-induced confinement and the wedge in
the microcavity thickness, add additional difficulties in
achieving extended and uniform condensates, even in
samples with long polariton lifetimes [36–39].
In this work, we use a high quality 2D microcavity
without spatial inhomogeneities, and observe the forma-
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2tion of a condensate that extends much beyond the laser
spot region. Photoluminescence measurements are em-
ployed to demonstrate the expansion of polaritons from
the excitation spot and the subsequent relaxation into the
lowest energy level at the bottom of the polariton disper-
sion. The extended condensate is formed thanks to two
main ingredients: the high homogeneity of the sample,
which avoids localization effects, and the long radiative
lifetime (∼ 100 ps), that allows the propagating polariton
to relax into the ground state. Remarkably, condensa-
tion occurs at low densities (∼ 0.1polariton/µm2), with-
out the presence of the exciton reservoir, and covers an
area of more than 0.03mm2. The energy-resolved spatial
profiles obtained by solving a theoretical model, which
combines the hydrodynamics of the expanding polaritons
with their energy relaxation, reproduce the experimen-
tal results and confirm that, above a threshold power,
phonon-mediated scattering into the lowest energy mode
is effective in forming an extended 2D polariton conden-
sate.
The sample used in this study is a high quality-factor
3/2 λ GaAs/AlGaAs planar cavity containing 12 GaAs
quantum wells placed at three anti-node positions of the
electric field. The front (back) mirror consists of 34 (40)
pair of AlAs/Al0.2Ga0.8As layers. The Rabi splitting is
of 16meV and it is excited close to the zero detuning con-
dition. Photoluminescence measurements are performed
under non-resonant excitation with a low-noise, narrow-
linewidth Ti:sapphire laser with stabilized output fre-
quency to reduce the fluctuations in the exciton reser-
voir. The laser is focused on the sample in a spot with a
Gaussian intensity profile of FWHM= 20µm. The sam-
ple emission is collected and imaged on the entrance slit
of a streak camera coupled to a spectrometer in order to
measure the time-, energy- and space-resolved polariton
dynamics.
Under nonresonant excitation, a high density of exci-
tons accumulate within the region of the pumping spot,
inducing a blueshift of the polariton energy proportional
to their repulsive interaction strength. Outside the op-
tically pumped area, the density of uncoupled excitons
decreases quickly in space, due to the small exciton mo-
bility (2–5 microns), and the polariton energy recovers
the linear regime. The Gaussian profile of the excit-
ing beam is roughly reproduced by the potential land-
scape, evidenced in Fig. 1(a) by a dashed, white line. In
Fig. 1(a), the emitted intensity is energy- (vertical axis)
and spatially- (horizontal axis) resolved along one direc-
tion passing through the center of the excitation spot.
The high-energy polaritons sitting at the top (4meV
above the bottom energy) and formed at the center of
the laser spot, expands radially outwards with a large in-
plane wavevector (k = 2.2 µm−1), as can be seen in the
cross-section of the lower polariton dispersion (LPB, en-
ergy distribution in momentum space) shown in Fig. 1(b).
The macroscopic occupation of the lowest energy mode
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Figure 1: (a) Energy versus real-space polariton emission
along one direction, starting from the center of the pump-
ing spot, displaying the expanding polaritons and the bottom
condensate. The white-dashed line indicates the Gaussian po-
tential induced by the excitonic repulsive interactions under
the laser spot. (b) Energy-resolved reciprocal-space emission
measured above the condensation threshold. The energy scale
in the vertical axes is the same as in (a). (c) Two-dimensional
spatial emission map of the bottom condensate.
(k=0), visible at the bottom of the LPB in Fig. 1(b), cor-
responds to the condensation outside of the spot region
in Fig. 1(a). At the same time, also lower energy states
along the whole dispersion (k ≤ 2.2 µm−1) are occupied
and expand. The high spatial homogeneity of the sam-
ple grants a uniform expansion of the polariton gas, as
shown in the two-dimensional, energy-filtered space map
shown in Fig. 1(c).
In order to study the polariton dynamics, the steady
state, populated through the continuous wave (CW)
pump laser, is perturbed by focusing an additional 100 fs
pulsed beam on top of the CW laser (both lasers are
tuned to nonresonantly excite the system at the first min-
imum of the mirrors’ stop band). The repetition rate of
the pulsed beam is slow enough to allow the system to
recover its steady state condition before the arrival of
the next pulse [40]. The evolution of the additional po-
laritons injected by the pulse is recorded with a time
resolution of 10 ps [41].
By extracting the space-time images at different ener-
gies, as shown in Fig. 2(a) for E = 2.6meV, the expansion
velocity as a function of energy can be estimated from
the slope of the emission intensity. These velocities are
compared in Fig. 2(b) to the group velocities calculated
from the LPB dispersion and the difference is indicated
by the red-filling region, showing that the effect of relax-
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Figure 2: (a) Time dependence of the polariton emission in-
tensity at a given energy, E = 2.6meV, perturbed by a 100 fs
pulse, as a function of the distance from the excitation spot.
At this energy, polaritons propagate with a constant velocity
of 1.97µmps−1. (b) The propagation speeds extracted as in
panel (a) for the whole energy dispersion (blue dots) are com-
pared to the polariton velocities as calculated from the LPB
(green line). Faster expansions than expected are observed
for energies below E = 1.7meV.
ation from higher energy states becomes considerable at
lower energies. An independent estimation of the group
velocity can be obtained under CW pumping only: here,
we use the expanding polariton fluid to perform an opti-
cal tomography of a spatial region where a single natural
defect, injected in the DBR heterostructure during the
growing process, breaks the spatial homogeneity of the
sample. The pumping spot, the expanding fluid and the
defect are clearly visible in Fig. 3(a), which shows the
(x, y) image of the emission at E = 0.5meV. The region
around the defect is magnified and filtered at different en-
ergies, showing increasing flow speeds from Fig. 3(b) to
Fig. 3(d). The velocities extracted from the interference
pattern (shown in Fig. 3(f)) match perfectly with the
group velocities of the fluid calculated from the polari-
ton dispersion (black line in Fig. 3(e)) as vg = 1~
∂ELPB(k)
∂k .
This shows unambiguously that the rate at which the po-
lariton population distributes in space is the sum of two
rates: the ballistic propagation and the filling rate due
to relaxation processes. The second one becomes im-
portant for states close to the bottom of the LPB, and
helps in reaching distances longer than expected from
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Figure 3: (a) Two-Dimensional spatial emission with prop-
agation against a natural defect (E = 0.5meV). (b-c-d)
Particular cases of intensity oscillations against the defect
with the characteristic angle in the defect shadow for different
propagation velocities (E=0.1 , 0.5 , 1.1meV in panels (b-c-
d), respectively). (e) Energies versus wavevector extracted
from the polariton dispersion (black line) and from the peri-
odical spatial oscillations. Polariton density as a function of
energy (red line). (f) Intensity cross section of the emission
(E = 1.1meV) along the white line in panel (d).
the bare propagation of low-speed polaritons. This is the
first time that such a behavior (fluid passing a defect)
is recorded for a continuum of states, suggesting that,
at higher densities, a new class of experiments on polari-
ton superfluidity could be performed on expanding clouds
free from reservoir artifacts and involving macroscopic
distances. Remarkably, the polariton density outside of
the pumped region, at the bottom of the LPB, manifests
a nonlinear increase as a function of the pumping power
for extremely low density values, as shown in Fig. 4(a).
At the same time, the formation of the bottom conden-
sate is marked by a narrowing of the linewidth, as shown
in Fig. 4(b). The low density of the extended condensate
dwindles the effects of polariton-polariton interaction, re-
ducing the intrinsic dephasing of the condensate [21] and
making this configuration appealing both for applications
and for future investigations on phase transition dynam-
ics in polariton systems. In Fig. 4(c), the ratio between
the density in the lowest energy state and the whole ex-
panding cloud is compared at different excitation powers,
showing a nonlinear increase at the condensation thresh-
old.
A theory joining hydrodynamics and relaxation of an
expanding and relaxing condensate can be developed
by combining the mean field description of the dynam-
ics given by the Gross-Pitaevskii equation (GPE) [23,
42] with the rate equations that account for stimu-
lated scattering due to the interaction with a phonon
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Figure 4: (a) Polariton density at a distance of 40µm from
the excitation spot as a function of energy for different pump-
ing power. (b) Reciprocal-space linewidth as a function of
power (same horizontal scale as in (c)). (c) Population ratio
between the lowest energy state and the whole continuum of
states at 40µm from the spot region, showing the nonlinear
increase above the condensation threshold.
bath [33, 43]. In order to obtain a simplified differen-
tial equation describing the steady-state polariton dis-
tribution in energy and space, we adapt the recent ap-
proach that merges both components of the dynamics
at a level of the description that involves only the po-
lariton density [44]. We study the dynamics outside
of the pumping spot, without the presence of an exci-
ton reservoir and with low polariton densities, allowing
to ignore the nonlinear term, so that the GPE reads
i~∂tψ(r) =
(
E0 − ~22m∇2 − i~2 γ
)
ψ(r) (where E0 is the
energy corresponding to the bottom of the lower branch,
γ is the decay rate and we have assumed cylindrical sym-
metry). A continuity equation, relating spatial and tem-
poral fluxes, is derived from the GPE for each polariton
energy through spectral expansion:
∂
∂t
nω
∣∣∣∣
exp
= −∇ · (nωvω)− γnω (1)
where vω is the velocity field of the condensate [45].
On the other hand, a rate equation is written for
phonon-mediated stimulated scattering, coupling the dif-
ferent spectral modes:
∂
∂t
nω
∣∣∣∣
relax
= −
∫
(Wω,ω′ +Wω′,ω)nωnω′dω
′ (2)
where Wω,ω′ is the scattering rate from a state with en-
ergy ω to another with energy ω′. Combining the two,
and taking the steady state solution, we derive a dif-
ferential equation for the polariton density in energy and
space, ∂tnω(r)|relax + ∂tnω(r)|exp = 0, that takes into ac-
count the relaxation and radiative lifetime. The equation
is numerically solved outside of the pumping spot, with
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Figure 5: Comparison between two numerical simulations,
with and without relaxation. This result shows that relax-
ation is needed to account for the main feature observed, that
is, the formation of an extended lower condensate. The ex-
tension of the lower condensate cannot be given by any kind
of expansion due to its small velocity.
σ the spot radius and r = 0 the center of the spot, as-
suming as boundary initial condition for each energy the
experimentally obtained polariton density at r = σ, and
then solving for r > σ. The results of the calculation for
two different conditions, with and without the presence
of a phonon bath, are shown in Fig. 5(a) and Fig. 5(b)
respectively. While Fig. 5(a) reproduces the formation
of an extended polariton condensate at the bottom of
the dispersion, in Fig. 5(b) the small polariton velocity
dominates the dynamics close to k = 0 and precludes the
observation of an extended 2D polariton condensate.
In conclusion, the formation under non-resonant
pumping of an extended 2D polariton condensate at the
bottom of the LPB has been experimentally demon-
strated. The polariton energy under the laser spot is
blues-shifted with respect to the lowest energy outside
of the laser spot. This produces an expanding flow of
polaritons at the energy of the blue-shift, but also a con-
tinuum of states along the dispersion, which are formed
through relaxation and which expand with decreasing ve-
locities for decreasing energies. Thanks to the high qual-
ity of the sample, we are able to observe the relaxation
until the bottom of the LPB. Above a threshold den-
sity, a condensate forms at k = 0 at the lowest available
energy, covering a spatial region larger then 0.03mm2
around the pumping spot. These results are well repro-
duced by a simple theoretical model that captures the
physics of expansion and relaxation of higher energy po-
laritons. Our findings provide the closest realization so
far of a textbook Bose–Einstein condensate in a solid-
state matrix, with macroscopic sizes and dilute, tunable
densities. Such systems should allow to truly take advan-
tage of polariton condensates for fundamental research of
out-of-equilibrium quantum dynamics.
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1Formation of a macroscopically extended polariton condensate without an exciton
reservoir
Supplemental Material
Polariton Lifetime
In order to determine the polariton lifetime, time-resolved measurements are performed using a Ti:sapphire laser
delivering 100 fs pulses with a 82 MHz repetition rate. This beam resonantly injects polariton inside the cavity by
tuning the frequency and angle of incidence of the laser in order to match the LPB close to the bottom energy,
Ek=0 = 772.85 nm, but sligthly shifted in angle to allow the filtering out of the reflected light. In this way, the
bottleneck effect is limited and the polariton lifetime can be extracted from the polariton emission. This is visible
from the exponential decay shown in Fig. S1. From the exponential decay in time of the population it is possible to
extract a lifetime of 100 ps.
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Figure S1: (a) Time resolved emission taken in a small bound of k = 0 and with the laser pump at Ek=0 = 771 nm. (b) Cross
Section of the time resolved decay emission in the region within the dashed, red lines in panel (a). The exponential decay
fitting gives a decay of 100 ps (red line).
Time-Resolved Dynamics
In Fig. S2, four snapshots are shown with the emission intensity as a function of energy (vertical axes) and space
(horizontal axes) at different delay times (42 ps, 66 ps, 77 ps and 104 ps after the arrival of the non-resonant pulse
in Fig. S2(a), Fig. S2(b), Fig. S2(c) and Fig. S2(d), respectively). Polaritons at high energy quickly expand and
relax into lower energy states. The expanding flow is apparent in the space-energy emission map shown in Fig.S2b,
and it is more effective for the lower energy states (Fig.S2(c)-(d)). An accumulation points, induced by the pulse spot
width being slightly larger than the CW one, allows the observation of a characteristic "whiplash" of relaxation in the
space-energy map. Eventually, at longer times, polaritons relax into the bottom of the LPB, as shown in Fig.S2(d).
Theoretical description
We consider a mean field description of the dynamics of the condensate wave function ψ(r) given by the Gross-
Pitaevskii equation [S2]
i~
∂ψ(r)
∂t
=
{
E0 − ~
2
2m
∇2r +
i~
2
[R[nR(r)]− γ] + V (r)
+ ~g|ψ(r)|2
}
ψ(r). (S1)
Here, R[nR(r)] describes a coupling to the excitonic reservoir nR(r), that has its own dynamics:
n˙R(r) = P (r)− γRnR(r)−R[nR(r)]|ψ(r)|2 (S2)
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Figure S2: Energy vs real space at different times shown by the labels. In the figure, the photoluminescence intensity is
displayed in a false-color linear scale.
In this work we are interested on the expansion and relaxation dynamics outside the excitation spot. The excitonic
interaction with the reservoir produces a repulsive potential that can be described by V (r) and that tends to expel
the polaritons from the spot where they have been created: we will study the dynamics of these polaritons outside the
spot and, due to the low densities, ignore the nonlinearity. Therefore, in the our region of interest, |r| > σ (σ being
the size of the spot, i.e., the region where nR(r) and V (r) are zero) the hydrodynamical description of the polariton
flow is given by:
i~
∂ψ(r)
∂t
=
{
E0 − ~
2
2m
∇2r −
i~
2
γ
}
ψ(r). (S3)
Since the mechanism that creates these polaritons take place for |r| < σ, the polaritons created by the pumping terms
in Eq. S1 must be accounted by an appropriate boundary condition in Eq. S3.
Let’s consider now a time-dependent spectral expansion of the wavefunction as follows:
ψ(r, t) =
∑
ω
ψω(r, t)e
iωt (S4)
where we assume that ψω(r, t) evolves in time much slower than the oscillations given by eiωt. Next, we write ψω(r, t)
in terms of density and phase:
ψω(r, t) =
√
nω(r, t)e
iφω(r,t) (S5)
By plugging this ansatz in Eq. (S3) and taking the imaginary part, we find:
i~
∑
ω
ei[ωt+φω]
{
∂
∂t
√
nω + i(ω +
∂
∂t
φω)
√
nω
}
= − ~
2
2m
∑
ω
ei[ωt+φω]
[∇2(√nω) + 2i∇φω∇(√nω)
+ i
√
nω∇2φω − (∇φω)2√nω
]− i~
2
γ
∑
ω
ei[ωt+φω]
√
nω (S6)
3Now, we equate the terms in the sum with the same ω and take the imaginary part of this equation to get:
∂
∂t
√
nω = − ~
2
2m
(
2i∇φω∇(√nω) + i√nω∇2φω
)− i~
2
γ
√
nω (S7)
which we can rewrite as an energy-resolved continuity equation:
∂
∂t
nω
∣∣∣∣
exp
= −∇ (nωvω)− γnω (S8)
where
vω =
~
m
∇φω. (S9)
The suffix in the partial derivative accounts for the fact that this equation only describes the hydrodynamics of
expansion of the polariton fluid. We now describe the variation in nω due to the relaxation to lower energy modes
mediated by phonon scattering.
A rate equation is usually written in k space, and if we take into account only stimulated scattering, it reads as [S1]:
∂
∂t
nk
∣∣∣∣
relax
= −
∑
k′
[Wk,k′nknk′ + (k↔ k′)] (S10)
If the scattering is mediated by a phonon bath, Fermi’s golden rule gives the following transition rate in k space:
Wk,k′ ≈ Lz(χkχk
′∆E˜k,k′)
2
~ρV u2qz
B2(qz)|De −Dh|×
|nph(ωk′ − ωk)|θ(∆E˜k,k′ − |k− k′|) (S11)
where u is the longitudinal sound velocity, Lz is the quantum well width, V is the crystal volume, ρ is the mass density
of the solid, ∆E˜k,k′ = |ωk′ − ωk|/~u, qz is, for a given in plane momentum change k − k′, the momentum in the z
direction that must be taken by the phonons for the scattering process to conserve energy qz =
√
∆E˜2k,k′ − |k− k′|2,
|nph(ω)| is the absolute of the phonon density
and B(q) is given by:
B(q) =
8pi2
Lzq(4pi2 − L2zq2)
sin
(
Lzq
2
)
. (S12)
Since the experiment is performed on a polar symmetry, we can assume that nk depends only on the module of k:
nk = nk (S13)
and we can perform the sum in k′ in (S10) going to the continuum limit
∑
k′ → S(2pi)2
∫
dkxdky =
S
(2pi)2
∫
k dk dθ
∂
∂t
nk
∣∣∣∣
relax
= − S
(2pi)2
∫
k′ [Wk,k′nknk′ + (k↔ k′)] dk′ dθ (S14)
and writing:
Wk,k′ =
∫ 2pi
0
dθWk,k′ (S15)
where we integrated the angular dependence of the scattering rate, entering in the expression of Wk,k′ from qz =√
∆E˜2k,k′ − k2 − k′2 + 2kk′ cos(θ), we get:
∂
∂t
nk
∣∣∣∣
relax
= − S
(2pi)2
∫
k′ (Wk,k′ +Wk′,k)nknk′dk′ (S16)
4Since the energy of the polaritons depends only on the modulus of the momentum, ωk ≈ ~2k2/2mLP , we can write
nk as a function of energy nω, and using dω = ~2k dk/2mLP , write:
∂
∂t
nω
∣∣∣∣
relax
= −
∫
(Wω,ω′ +Wω′,ω)nωnω′dω
′ (S17)
where Wω,ω′ = 2mLPS/(~24pi2)Wk(ω),k′(ω′). Finally, we write a joint equation for the time evolution of nω by joining
both the hydrodynamics of expansion of Eq. (S8):
dnω
dt
=
∂
∂t
nω
∣∣∣∣
exp
+
∂
∂t
nω
∣∣∣∣
relax
=
− 1
r
∂
∂r
(rnωvω)− γnω
−
∫
(Wω,ω′ +Wω′,ω)nωnω′dω
′ (S18)
where we wrote the velocity as a vector field with radial component only vω = vωur. Our next approximation will be
to assume that the velocity will be given by vω ≈ (1/~)∂ωk/∂k.
To study the spatial profile resolved in energies, we will look now for steady state solutions of equation (S18) setting
the time derivative to zero and getting the following integro-differential equation in real space:
∂nω(r)
∂r
= −nω(r)
r
+
1
vω
[
− γnω(r)
−
∫
(Wω,ω′ +Wω′,ω)nωnω′dω
′
]
(S19)
This we solve numerically by writing the integral again as a discrete sum:
∂nω(r)
∂r
= −nω(r)
r
+
1
vω
[
− γnω(r)
−
∑
ω′
(
W˜ω,ω′ + W˜ω′,ω
)
nωnω′
]
(S20)
with
W˜ω,ω′ = κ
(χωχω′∆E˜ω,ω′)
2
|eβ(ω′−ω) − 1|
∫
B(qz)
2
qz
dθ (S21)
where ∆E˜ω,ω′ = |ω′ − ω|/(~u), and
κ =
2mLPS
~2(2pi)2
Lz
~ρV u2
|De −Dh|∆ω′ (S22)
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